Abstract: An extended observer is proposed for the real-time estimation of both the state variables and the coefficient of restitution for a simple 1 degree-of-freedom mechanical system subject to non-smooth impacts, of which only the position is measured. It is also shown that the presented observer structure can be adapted to cover N degrees-of-freedom linear mechanical systems and to identify the dependence of the coefficient of restitution on the preimpact velocity. The performance of the proposed observer is shown both in simulation and in a real experiment.
Introduction
Mechanical systems subject to impacts are very important in robotics, where the impacts can be a part of the robot's task: hopping robots (see Koditschek and Bühler, 1991) , walking robots (see Hurmuzlu, 1993; Hurmuzlu et al., 2004; Morris and Grizzle, 2005; Westervelt et al., 2003) or juggling robots (see Swanson et al., 1995; Zumel and Erdmann, 1994) , tasks like hammering (see Izumi and Hitaka, 1997) or inserting a peg into a hole (see Prokop and Pfeiffer, 1998) , or, more frequently, undesired collisions, for example, in space robotics (see Nenchev and Yoshida, 1999; Wee and Walker, 1993) or during the so-called 'transition phases' between unconstrained motion and a subtask to be executed in permanent contact (see Marth et al., 1994; Mills and Lokhorst, 1993; Pagilla, 2001) .
In all these cases, a suitable model of the impact phenomena is useful, both for the simulation and for the design of suitable control laws. One of the most important parameters in the model is the coefficient of restitution (usually denoted as e), that takes into account energy dissipation due to the impacts. Many experimental and theoretical expressions for the coefficient e have been proposed in the mechanical literature (see Kangur and Kleis, 1988 ; Thornton, 1997) and the references therein, and several authors have proposed models of the dependency of the coefficient of restitution on the impact velocity in terms of suitably parameterised functions.
Many algorithms are available to design asymptotic observers (see e.g. O'Reilly, 1983) for dynamical systems, provided that suitable observability assumptions hold. For mechanical systems (under the assumption that all the position variables can be measured), observers are often used to provide velocity estimates which are less sensitive to measurement noise and quantisation than the estimates obtained by numerical differentiation of the position measurements. An extended observer is a dynamical filter which is able to asymptotically estimate not only the state of the system, but also some of its physical parameters, which are considered as other state variables with constant dynamics: notice that, with this choice, if the original system is linear, the system thus immersed has in general a non-linear structure.
For mechanical systems subject to impacts, an accurate knowledge of e was required in Menini and Tornambè (2001) for the velocity estimation to be obtained from position measurements via asymptotic observers (notice that the observability in absence of impacts was guaranteed in Menini and Tornambè (2001) since all positions were measured). In this paper, by using position measurements only, an extended observer is proposed for the simultaneous real-time estimation of the coefficient of restitution and of the state of a simple 1 Degree-Of-Freedom (1DOF) mechanical system subject to non-smooth impacts (so that the knowledge of e is not needed anymore); the efficacy of the extended observer is theoretically proven. Then, a two step algorithm based on the use of the extended observer is proposed for the identification of the dependence of the coefficient of restitution on the impact velocity. The effectiveness of both the extended observer and the identification algorithm are substantiated by simulations and a simple experiment is reported to show the actual applicability of the method. Finally, the extended observer is properly adapted to cover a class of N DOF linear mechanical systems.
Among the advantages given by the use of an extended observer for the determination of the coefficient of restitution instead of a direct computation (valid for a single experiment) from position measurements, it is possible to cite:
1 an extended observer can be used for any input function, whereas any direct computation must be repeated for each considered input function 2 in the case of constant coefficient of restitution, such a real-time estimate could be used for the implementation of feedback control laws (provided that a certain separation principle holds for the class of considered systems)
3 an asymptotic observer is inherently robust with respect to parameter variations, which guarantee the reliability of the obtained estimate in practical applications 4 an extended observer estimates not only the coefficient of restitution but also all the state variables of the system.
The considered 1DOF mechanical system
Consider a mass m moving on a line under the action of a known external forceū(t). Let q(t) ∈ R be the position of the mass along the motion line at time t ≥ t 0 , with t 0 ∈ R being the initial time. The mass is constrained to move on the left of an infinitely rigid and massive obstacle perpendicular to the motion line at q = 0: the resulting constraint to be satisfied is then q(t) ≤ 0, ∀t ≥ t 0 . The set of the admissible initial conditions is A := {(q,q) ∈ (−∞, 0] × R :
For any function ϕ(t) and for anyt ∈ R,t > t 0 , the symbols ϕ(t − ) := lim t→t − ϕ(t) and ϕ(t + ) := lim t→t + ϕ(t) will be used, if the limits exist. A timet ∈ R,t > t 0 , is said to be an impact time if q(t) = 0 andq(t − ) > 0. Let N be the set of positive integers and Z + be the set of non-negative integers and let {t i , i ∈ N}, t i+1 > t i , denote the ordered sequence of the impact times.
Assumption 1: The initial conditions and the inputū(t) are such that there exists an arbitrarily small v min > 0 such thaṫ
As a consequence of the definition of A and of Assumption 1, if e > 0, there are no intervals during which the mass is in a situation of sustained contact with the obstacle (i.e. intervals
The behaviour of the mass for t ∈ (t i , t i+1 ), i ∈ Z + , is described by mq(t) =ū(t). Let e ∈ (0, 1] be the coefficient of restitution, which is assumed to be constant (e.g. the materials involved could have been work-hardened by previous repetitions of the impact process) and unknown (the case of a velocity dependent coefficient of restitution is covered in Remark 4 and in Section 7); then, the post-impact velocity can be expressed as a function of the preimpact velocity:q(t
Letting u(t) := u(t)/m, the overall system is then described bẏ
Notice that, although Equation (1(a)) and (1(b)) are linear, the whole system (1) 
The goal of this paper is the joint estimation of the state of the system and of the coefficient of restitution e. This will be achieved through an extended observer using only the measure of y(t) = q(t). Notice that, in general, the observability of non-linear systems depends on the input; in this respect, Assumptions 1 and 2 can be seen as characterising a class of inputs for which the proposed observer is guaranteed to work (though in practice it can perform well on a larger class of signals, as will be shown by simulations in the sequel). 
The proposed estimation algorithm
The following extended observer is proposed for the joint estimation of the coefficient of restitution e and the whole state vector of system (1), from the measurement of y(t) = q(t):
where k 1 = 2/ε, k 2 = 1/ε 2 , k 3 = 1/ε 2 , ε > 0 is to be suitably chosen, andq(t),v(t) andê(t) are the estimates of q(t), v(t) and e, respectively. Equation (2(a)) and (2(b)) are the standard observer equations (see O'Reilly, 1983 ) that we could use for the state estimation of system (1(a)) and (1(b)), in the absence of unilateral constraints. As usual, they are a 'copy' of the dynamical system plus a suitable vector gain multiplying the estimation error. Equation (2(c))describes the dynamics of the estimated coefficient of restitution as a function of the position error q(t) −q(t) (notice that, if q(t) =q(t), thenė(t) = 0). The non-linear term −k 3 /v(t − i ) (constant in each interval (t i , t i+1 )) in Equation (2(c)) has been chosen in order to render the linearisation about the origin of the error dynamics (the subsequent Equation (3) dead-beat stable in the limit for ε → 0. It is to be noted that the state variables of the extended observer are not constrained. As a matter of fact, it is possible both forê and forq to take on unrealistic values, such asê > 1 orq > 0; however, as proven in Theorem 1, both the estimation errorẽ = e −ê andq = q −q are guaranteed to converge to zero and the choice of not imposing constraints onê andq is only made in order to keep as simple as possible the structure of the observer and the derivation of the result. Equation (2(d))-(2(f)) take into account the hybrid structure of the considered system implied by the instantaneous jumps due to the unilateral constraint. The reason why Equation (2(d)) has been preferred to the simpler q(t + i ) = 0, is that with the choice made, if the coefficient of restitution were exactly known, it would be possible to find a Lyapunov function for the error dynamics which would have only non-positive jumps at the impact times (see Menini and Tornambè, 2001 Define the estimation errorsq(t) := q(t) −q(t),ṽ(t) := v(t) −v(t) andẽ(t) := e −ê(t). For each t ∈ (t i , t i+1 ), i ∈ Z + , the error dynamics is described by:
whereas, at the impact times, it can be shown that:
The stability properties of the error system (3) are stated in the following theorem. Proof: Firstly, it is noticed thatq(t) = 0,ṽ(t) = 0 and e(t) = 0 is a solution of Equation (3). Equation 3(a)-3(c), which describe the continuous-time dynamics of (3) in the interval (t i , t i+1 ), are a linear time-invariant system with dynamic matrix (depending on i):
Callx the error vectorx = [qṽẽ] T , and by means of
. Now consider the non-linear, time-varying, discrete-time system S D havingx(t + i ) as state vector:
where e denotes the base of natural logarithms, not to be confused with the coefficient of restitution e and i := t i+1 − t i . In order to prove the asymptotic stability of the zero equilibrium of S D , consider the dynamic matrix of its linearisation about the origin, which takes the form
, it is clear that the linear time-varying discrete-time system having A D,0,z (i) as dynamic matrix is dead-beat stable (its state goes to zero in at most two time steps). By continuity of all the elements of the matrix A D (i, ε) with respect to ε, there exists ε * > 0 such that S D is asymptotically stable for all ε ∈ (0, ε * ). To show that, for a fixed ε ∈ (0, ε * ), the asymptotic stability of S D implies the asymptotic stability of (3), notice that (3(a)) and (3(b)) describe (for t ∈ (t i , t i+1 ), that is in the absence of impacts) a linear time-invariant continuous-time asymptotically stable system, and that by (3c) the following relation holds:
In view of the stability of S D , for any V ∈ R, 0 < V < v min , there is a neighbourhood U of the origin such that, for all
Then, in view of the mentioned asymptotic stability of (3(a))-(3(b)), it can be seen that Equation (6) and the proven asymptotic stability of S D imply both the stability and the attractivity of the origin of (3). Hunt and Crossley, 1975) and Remark 8 of Tornambè (1999) ) and Johnson, 1985; Thornton, 1997 
Remark 3: Despite the dead-beat stability of the discretetime system having A D,0,z (i) as dynamic matrix, Theorem 1 does not guarantee the dead-beat convergence to zero of the errors, since the higher order terms neglected in the linearisation of S D would already destroy the dead-beat stability and moreover ε cannot be taken as equal to zero. The matrix A(i) defined in Equation (4) (i.e. the dynamic matrix of the 'continuous-time' estimation error Equations (3(a))-(3(c)) has two eigenvalues with negative real part and one null eigenvalue. In the absence of impacts, the whole error dynamics is a continuous-time linear and time invariant system, with A(0) being its dynamic matrix; therefore, in such a case it is only simply stable. What would actually happen, in absence of impacts, is that the extended observer would estimate asymptotically both q(t) and v(t) but not the coefficient of restitution e. The asymptotic stability of the whole error dynamics (hybrid, since it is constituted by the continuous-time Equations (3(a))-(3(c)) and the 'discretetime' ones (3(d))-(3(f)) is obtained if there is an infinite sequence of impacts as required in Assumptions 1 and 2: this is natural, since, in absence of impacts, it is impossible to estimate e.

Remark 4: The proposed extended observer (2) has useful estimation properties also when the coefficient of restitution is not a constant, but it is piece-wise constant:
e(t) = f (v(t − i )), ∀t ∈ [t i , t i+1 ), for some function f (·) (see
as case studies). Many possible functions f (·) have been proposed to express the coefficient of restitution as a function of the preimpact velocity; among them, we can cite f (v(t
− i )) = 1 − α v(t − i ) (seef (v(t − i )) = (β)/v 1/4 (t − i ) (see
Simulation examples
Four simulations are reported to substantiate the effectiveness of the proposed extended observer: in Simulation 1, the coefficient of restitution is constant and the effect of decreasing ε on the rate of convergence ofẽ is explored; in Simulations 2 and 3, the coefficient of restitution depends on the impact velocity; in Simulation 4, an input generated as described in Remark 1 is used. All simulations show a good behaviour of the proposed observer.
Simulation 1: a body of mass m = 1 subject to an input inducing almost periodic impacts against the constraint is considered. The constant value of e is e = 0.5. The parameter ε is ε = 0.5. The leftmost plots of Figure 1 shows the evolution of the mass position and velocity (q(t) and v(t)), as well as of their respective estimates (q(t),v(t)) for the initial conditions
Simulation 1 has been repeated with decreasing values of ε from 0.5 to 0.1. The upper plot in the rightmost column of Figure 1 shows the time-histories of the correspondingê(·). Clearly, two impacts are sufficient to estimate the value of e with a negligible error (recall that the linearisation of the error dynamics (3) would be deadbeat in two steps for ε = 0). From the different evolutions ofê(t) in the upper rightmost plot of Figure 1 , it clearly appears that for ε → 0 + ,ê(t) ≈ê(t 0 ) for t ∈ (t 0 , t 1 ) andê(t) ≈ e for all t ≥ t 1 . In the lowest rightmost plot of Figure 1 , the time-history of the input u(·) is reported. It has been generated by a PD control law using a suitable reference trajectory and the backward difference between position measurements to approximate the velocity.
Simulation 2 [resp., Simulation 3]:
The same mass m = 1 has been considered subject to an input inducing almost periodic impacts with increasing velocity and the coefficient of restitution has been assumed to depend on the velocities immediately before the impact times according to the law e(t
Such laws have been used only to simulate the system and not by the estimation algorithm. The parameter ε is ε = 0.1.
(As e(t)
is not defined in [t 0 , t 1 ), it is meaningless in that interval and is arbitrarily taken equal to 1). For the same initial conditions considered in Simulation 1, the time-histories of q(t), v(t) and e(t), as well as of their respective estimatesq(t),v(t) andê(t)), are reported in Figure 2 [resp., Figure 3 ]. Notice that, as explained in Remark 4, the algorithm provides an accurate estimate of the coefficient e relative to the last past impact.
Simulation 4: the recipe in Remark 1 has been applied to the mass m = 1 with the parameters a = 1, h = 2. The coefficient e is assumed to belong to (0.5, 1], so that either constant or ramp inputs are delivered between each couple of adjacent impact times. The time histories of the exerted input as well as the resulting position and velocity for e = 0.7 are reported in the leftmost plots of Figure 4 . An extended observer with ε = 1 has then been designed for the system and the resulting estimation errors for the state and the coefficient of restitution are shown in the rightmost plots of Figure 4 .
Extension to a class of NDOF linear mechanical systems
Consider a mechanical system constituted by n masses whose dynamics are described for t ∈ (t i , t i+1 ) bẏ
for some constant U jh , E j , where q j (t) and v j (t) are the position and the velocity respectively, of the j th mass. Assume that only the first mass is subject to the inequality constraint q 1 (t) ≤ 0, whereas all other masses are unconstrained (such an assumption is not very restrictive; see Remark 5). Then, at each impact time t i , i ∈ N:
Then, if all the positions are measured, the extended observer proposed for such a system for t ∈ (t i , t i+1 ) is described bẏ
where k 1 = 2/ε, k 2 = 1/ε 2 , k 3 = 1/ε 2 , ε > 0, and q j (t),v j (t) andê(t) are the estimates of q j (t), v j (t) and e, respectively, whereas at the impact times t i , i ∈ N, it is described by 
Define the estimation errorsq j (t) := q j (t) −q j (t),ṽ j (t) := v j (t) −v j (t) andẽ(t) := e −ê(t). The stability properties of the system describing the dynamics of such estimation errors are stated in the following theorem, whose proof is a mere repetition of the proof of Theorem 1. Also, comments about the observer's structure can be given which are wholly similar to those considered for the 1DOF case, right after Equation (2).
Theorem 2: Under Assumptions 1 (withq substituted bẏ q 1 ) and 2, there exists ε Goldstein, 1980 ) and for the application described here, Menini and Tornambè (2001) , any linear mechanical system without friction whose position vector q is subject to a linear scalar constraint J q ≤ 0, can be put in the form (7), with diagonal kinetic energy matrix and constraint z 1 ≤ 0.
is a locally asymptotically stable equilibrium of the system describing the dynamics of the estimation errors under (7) and (8).
Remark 5: The class of systems described by (7) is much more general than what it looks like. In fact, via a linear change of coordinates q = W z found through 'simultaneous diagonalisation'(see
Simulation 5: to test the effectiveness of the proposed observer for N DOF systems, two masses m 1 = m 2 = 1 connected by a linear elastic spring (elasticity constant K = 10) have been considered, subject to an input inducing almost periodic impacts against the constraint. The system is described bẏ
The proposed observer is given by:
The constant value of e is e = 0.5 and the parameter ε is ε = 0.5. Figure 5 shows the simulation results for initial conditions
An experiment and its possible improvements
Even though the main goal of this paper is of theoretical nature, a real experiment is shown in this section in order to evidence that the applicability of the proposed extended observer is not limited to idealised operating conditions. In particular, two main points are highlighted in this section:
1 While an infinite sequence of impacts (having +∞ as the only accumulation point) is needed to show the asymptotic properties of the extended observer, a sufficiently accurate estimate of the state and the coefficient of restitution (i.e. what is needed in applications) can be obtained by using only measurements relative to a sufficiently long (but finite) time interval, involving a finite number of impacts.
2 The convergence properties of the extended observer are robust with respect to approximate position measurements (e.g. due to noise, quantisation, time-discretisation). In particular, it can be shown that there exists a trade-off between a fast convergence of the estimation error on one hand and the insensitivity of the extended observer to uncertainties.
In order to substantiate the previous claims, first an actual experiment (involving a very poor setup, i.e. performed in conditions which are very far from the ideal ones) is described in Section 6.1, and then the same experiment is simulated in Section 6.2, considering several different conditions ranging from very poor (as when cheap hardware is used, involving low sampling rates and a high level of quantisation noise) to ideal (i.e. continuous measurements, no quantisation). The simulations shows that the performance degradation experienced when moving towards less ideal experimental conditions varies in a continuous fashion, thus implying the aforementioned robustness (no abrupt degradation happens). 
An experiment
Using a low-profile, low-cost web cam, a movie has been shot of a red tennis-table ball falling under the action of gravity and bouncing on the floor in front of a white wall. The camera is capable of shooting at most 30 frames per second, with a resolution of 176×144 pixels, so that significant quantisation and time-discretisation effects are inevitable. In the movie, only the first six bounces of the ball are considered. Using standard image processing techniques and exploiting the high contrast between the red ball and the white background, the position of the centre of mass of the ball has been identified in each photogram. Feeding the linearly interpolated position measurements to the extended observer with ε = 0.25, and using different initial guessesê(0) for the coefficient of restitution, the results shown in Figure 6 have been obtained. In the first plot of Figure 6 , the dots indicate the measured positions (experimental data) whereas the solid lines show the estimated positions with fixedq(0),v(0) forê(0) equal to 0, 0.25, 0.5, 0.75, 1. From the third plot of Figure 6 it is clear that, in spite of the widely spread values considered forê(0), after six bounces the values ofê computed by the various initial guesses for e are in good agreement with each other. In fact, the values of the estimated position and velocity (respectively, first and second plot of Figure 6 ) are essentially the same at the end of the considered interval (contrast with the spread values of position and velocity estimates between the first and the second bounce); in particular, the estimated position is close (almost up to the quantisation error) to the measured position. It is to be noted that such a convergence is obtained using data relative to a finite interval and a finite number of impacts; in particular, this shows that in order to have practical convergence to zero of the error (i.e. convergence of the error inside a suitably small neighbourhood of zero), Assumptions 1 and 2 of the paper only need to hold on a sufficiently long (but finite) interval. This fact is of paramount importance in applications, where practical (more than asymptotic) convergence is actually required.
Simulated experiments
Aim of this subsection is to investigate which could be the limits of the proposed estimation algorithm if the available camera were replaced by a faster and higher resolution one. To investigate the relation between the rate of convergence of the estimation error (fixed by ε) and the sensitivity of the estimate to time-discretisation in the case of negligible measurement noise, the following simulations have been carried out: the bouncing ball has been simulated and the observer with ε = 0.25 has been fed first with the continuous-time values of the position (this will be called the 'ideal behaviour' in the following, and represented by solid lines in Figure 7 ), and then with linearly interpolated data obtained by time-discretisation (without quantisation) of the position values corresponding to sampling instants for increasing sampling rates (the corresponding 'non-ideal behaviours' will be represented by dashed lines in Figure 7 ). In particular, the following four values of sampling rate have been chosen: 30 Hz (i.e. the same value used in the simulation reported in Figure 6 ), 100 Hz, 300 Hz, 1000 Hz. The results of such simulations are reported in Figure 7 (left). The same experience has been repeated for ε = 0.1 and ε = 0.025, with the results reported in Figure 7 (centre) and 7 (right), respectively. Comparing the time histories in each plot, it can be appreciated that the ideal behaviour is recovered when the position is sampled with a sufficiently high frequency. From the comparison of the three ideal behaviours in Figure 7 , it is noticed that a decrease of ε produces a faster convergence ofê towards the true value e (which is known since the experiment is simulated; such true value is represented by the horizontal solid lines in Figure 7) ; however, the comparison among the non-ideal behaviours in the three figures also shows that when time-discretisation errors are introduced (i.e. finite sampling rate), decreasing ε without suitably increasing the sampling rate can be detrimental, since it can cause unacceptable estimation errors. In Figure 7 (left), it can be noticed that, with ε = 0.25, the ideal behaviour is such that the estimation error is negligible after 2.5 sec, but the non-ideal behaviour obtained when time-discretisation is taken into account is not so good. In particular, the result obtained when the sampling frequency is 30 Hz (represented by the curve which is farthest from the true value of e), is to be compared with the bold line in the third plot of Figure 6 . The difference between the two curves is due to the fact that in Figure 6 , which is relative to a real experiment, the errors due to quantisation (which are significant in view of the poor resolution of the camera) are also present, in addition to the errors due to timediscretisation which are taken into account in the simulation shown in Figure 7 (left). Despite this difference, the two curves are quite similar, hence we believe that if a higher resolution camera could be used to reduce the errors due to quantisation, the experiment would confirm the results obtained in simulation.
As for the errors due to time-discretisation, which are taken into account in the simulations reported in Figure 7 , from such figures it is evident that time-discretisation errors limit from below the values of ε which give reasonable performance: in Figure 7 (right; ε = 0.025) it is seen Note: In the lowest plot, the estimate corresponding toê(0) = 0.5 is reported with a bold line in order to ease the comparison with the estimates in Figure 7 . that both the simulated experiment with sampling frequency 30 Hz and the one with 100 Hz give unacceptable behaviour, whereas the one with 300 Hz is acceptable and the one with 1000 Hz is satisfactory indeed (the curve corresponding to 1000 Hz is practically coincident with the one corresponding to continuous measurements). The plots obtained in Figure 7 (centre; ε = 0.1) clearly show that the value ε = 0.1 is not suitable for the sampling frequency of 30 Hz, but would be a good choice if the sampling frequency could be increased to 300 Hz.
The bottom line is that a trade off between fast convergence of the estimation error and measurement accuracy is present: if a high level of noise is present, the extended observer must be tuned to be robust with respect to such a noise by increasing ε, then slowing down the convergence of the estimation error to zero. This trade off also justifies the choice of ε = 0.25 made in the real experiment in Section 6.1, since choosing such quite large value for ε, although not giving a very fast convergence for the estimates, enables the observer to filter out a significant part of the discretisation noise due to a sampling rate of only 30 Hz.
7 Identification of the dependence of e on the preimpact velocity v(t
Several authors have discussed the properties of the coefficient of restitution; one of the most widely accepted theories predicts that, at least for some materials and for suitable values of the relative velocity, it is actually a (non-increasing) function of the relative velocity. In such a way, it is possible to take into account the fact that higher relative velocities imply higher energy dissipation. In this section, it is assumed that, if e i denotes the coefficient of restitution relative to the ith impact,
ν is a vector of unknown parameters and f (·, ·) :
is a known function. The goal of this section is to propose an algorithm for the estimation of the unknown β. For simplicity, the analysis is carried out with reference to a 1DOF linear mechanical system, although the proposed method can be easily adapted to the N DOF case (Section 5).
The proposed identification algorithm
Let the position q(t) of the mass be the only available measure, y(t) = q(t). As already seen, one of the motivations for this assumption is to take into account that, especially in presence of impacts, velocity measurements may be inaccurate in many experimental setups.
The proposed algorithm is based on the extended observer (2). For sufficiently small values of ε (to be chosen according to the value of which bounds from below the distance between adjacent impacts), as explained in Remark 4,
As already pointed out, the value of ε is to be chosen taking into account the trade off between the required velocity and precision of the observer (which would require smaller values of ε, especially if the impacts are very close to each other) and the unavoidable measurement noises (which, on the contrary, render larger values of ε preferable). The proposed identification algorithm consists of two steps:
Step 1: For a given experiment, performed on a time interval [t 0 , t f ] containing a sufficient number N of impact times, the position measurements q(t), the known values of the input u(t) and the values of the impact times t i , i = 1, . . . , N, belonging to [t 0 , t f ] (which can be detected from q(t)), are fed into the extended observer (2), which gives as outputs the time behaviour of the estimatesq(t),v(t) andê(t) in the time interval [t 0 , t f ].
Step 2: Relying on properties (9) In the next subsection the proposed algorithm will be tested through simulations assuming two different and simple functions f (·, ·) for the dependence of e on the preimpact velocity.
Simulations
In this subsection, three simulations are reported in order to show the efficacy of the proposed method. In all cases, the input u(t) has been produced by means of a PD controller from the measured position y(t) = q(t) and the velocity estimatev(t) obtained by the observer (2). Letting q r (t) = sin(ω 1 t) (z + sin(ω 2 t)), with z = 1.2, ω 1 = 10 and ω 2 = 0.3 and u(t) =q r (t) + k v q r (t) −v(t) + k p (q r (t) − q(t)) with k v = 2 and k p = 5, admissible trajectories for the closed-loop system have been obtained in the two cases described below. Notice that, although the reference trajectory q r (t) is obviously not admissible for the constrained system, the PD gains k p and k v are sufficiently small in order to ensure that there are no finite accumulation points of the impact times, which would render the simulated experiment of no use (since Assumption 2, requiring that adjacent impacts are sufficiently far from each other, would be not satisfied). By using the estimated data for the second step of the identification algorithm, from an initial guess ofβ 1 = 1 and β 2 = 0.5, the following estimates of the parameters have been obtained:β 1 = 0.896 andβ 2 = 0.0198, both very close to the true values. In Figure 10 (left), the estimated data are plotted together with the true and the estimated function relating the coefficient of restitution to the preimpact velocity. Simulation 7: linear dependence of e i on v(t − i ), quantised measurements: In order to test the robustness of the proposed algorithm against measurement errors, the simulation described above (and the subsequent second step of the identification algorithm) have been repeated by feeding into the extended observer quantised position measurements, with increasing quantisation step Q.
The results obtained for the desired estimates are given in Table 1 . In order to clarify the degradation of performance of the algorithm in the presence of quantisation errors, the results of the simulation performed with the largest quantisation step Q = 0.2 are reported in (Obviously such a function cannot be used for low velocities, but can be substituted by a constant as displayed in Figure 11) . A simulation has been run in the time interval [0, 30] with β 1 = 0.9 and β 2 = 0.109 and initial conditions q(0) = −1, q(0) = 2,q(0) = −1,v(0) = 1.5,ê(0) = 0.5. By using the estimated data for the second step of the identification algorithm, from an initial guess ofβ 1 = 1 andβ 2 = 0.7, the following estimates of the parameters have been obtained: β 1 = 0.897 andβ 2 = 0.108, both very close to the true values. In Figure 11 , the estimated data are plotted together with the true and the estimated function relating the coefficient of restitution to the preimpact velocity.
Summary of simulation results
This paper deals with the construction of a high gain observer for the velocity estimation in non-smooth 1DOF mechanical systems and its extensions in order to provide an estimate of the coefficient of restitution and for the case of N DOF mechanical systems. Several simulations have been provided to substantiate the theoretical results, showing that the proposed observers perform well even when the idealised assumptions (introduced in order to have clear and concise statements) are not fully satisfied. In particular:
• In Section 4, four simulations for the 1DOF case were provided: Simulation 1 was devoted to study the effect of decreasing ε on the rate of convergence ofẽ, while keeping constant the coefficient of restitution; in Simulations 2 and 3, it was shown that the proposed observer is effective even when the coefficient of restitution depends on the impact velocity; in Simulation 4, an input generated as described in Remark 1 is used. Note: In the upper plot the position q(t) and its estimateq(t) , in the central one the velocityq(t) and its estimatev(t), in the lowest plot the coefficient of restitution (piece-wise constant) and its estimate.
• In Section 5, the effectiveness of the proposed observer for N DOF systems was shown by Simulation 5, in which a system composed by two masses m 1 = m 2 = 1 connected by a linear elastic spring and subject to an input inducing almost periodic impacts is considered.
• In Section 6, an experiment was considered where a low resolution webcam was used to shoot a movie of a ball bouncing on the floor and the proposed observer was used to estimate the coefficient of restitution and the velocity. It was shown that despite -the relevant level of noise and quantisation introduced by the webcam Note: In each plot, the dots represent the data estimated by the observer, the two lines (very close to each other) are the graphs of the true (continuous) and the estimated (dotted) function f (β, ·).
-the finite length of available data, the estimated coefficient of restitution and velocity allowed a very good prediction of the ball's trajectory. Additional simulations were then used to show a trade off between fast convergence of the estimation error and measurement accuracy.
• In Section 7, the possibilty of using the proposed observer in order to identify the parameters in a functional dependence of the coefficient of restitution on the preimpact velocity was explored, considering the cases of linear (Simulations 6 and 7) and non-linear (Simulation 8) dependence, as well as the effect of quantisation errors (Simulation 7).
Concluding remarks
A new technique has been proposed for the simultaneous real-time estimation of the coefficient of restitution e and of the state of a simple mechanical system subject to impacts. The same technique has been shown to be a very effective building block for a two-step identification procedure for the same class of mechanical systems. The proposed technique seems potentially useful also for the numerical interpretation of experiments concerned with impacts. Further work includes considering other definitions of e and the use of the proposed algorithm for control purposes (i.e. in closed loop). In this last context, if complemented with suitable control laws depending on the estimated parameters and state, the proposed algorithm could be used as the basis for an indirect adaptive control design that is, as an alternative to direct adaptive control (proposed e.g. in Zavala-Rio and Brogliato (2001) for a similar class of non-smooth mechanical systems); it would then be very interesting to perform a detailed comparison of the two strategies, highlighting the relative advantages and pitfalls of the two approaches.
